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Employing the general BXOR operation and local state discrimination, the mixed state of the
form
ρ
(k)
d =
1
d2
d−1∑
m,n=0
(|φmn〉〈φmn|)
⊗k
is proved to be quasi-pure, where {|φmn〉} is the canonical set of mutually orthogonal maximally
entangled states in d × d. Therefore irreversibility does not occur in the process of distillation for
this family of states. Also, the distillable entanglement is calculated explicitly.
PACS numbers: 03.67.-a,03.67.Mn,03.65.Ud
Entanglement distillation plays a crucial role in quantum information theory [1]. As well-known, entanglement is
responsible for many quantum tasks and pure entangled states are required in most cases. Unfortunately, due to the
interaction with the environment, pure entanglement is fragile and easy to be blurred by the noise. So distillation
of entanglement is of importance. Though many distillation protocols and upper bounds are known, distillable
entanglement are known in few nontrivial cases [2]. Actually, entanglement distillation is closely related to local
state discrimination. Two counter-intuitive facts are found about local state discrimination. One is that there exist
product orthogonal states that could not be discriminated exactly by LOCC operations [3]. The other is that any
two orthogonal multipartite states could be discriminated with certainty by only LOCC operations [4]. Based on
the results of [4], the distillable entanglement [1] is calculated for a class of mixed states comprising of Bell basis
[5, 6]. For generic bipartite mixed states, entanglement distillation is an irreversible process in the sense that more
pure-state entanglement is required to create it than can be distilled from it in the asymptotic limit [7]. However, the
process of distillation is reversible in the so-called quasi-pure mixed state [8]. In this paper, the mixture of multiple
copies of maximally entangled states with equal probability [9] is proved to be quasi-pure. So the distillation process
is reversible that is not so obvious at first glance. Furthermore, the distillable entanglement is calculated explicitly.
We consider the mixed state of the form,
ρ
(k)
d =
1
d2
d−1∑
m,n=0
(|φmn〉〈φmn|)⊗k, (1)
where {|φmn〉} is the canonical set of mutually orthogonal maximally entangled states(MES) in d× d defined as,
|φmn〉 = 1√
d
d−1∑
j=0
e2piijn/d|j〉|j ⊕m〉, n,m = 0, 1, · · · , d− 1. (2)
where ⊕ means addition modulo d.
The situation occurs where Alice and Bob share k pairs of qudits, each pair in the same maximally entangled
state. In order to share entanglement, they should store the classical information in classical memory that identifies
in which state the k pairs of qudits are. Now imagine that by some misfortune, the data in the classical memories are
deleted, how many ebits can be distilled? As well-known, it is difficult to calculate the distillable entanglement of the
mixed states. The main result of the paper is that the mixed state of Eq.(1) is quasi-pure [8]. For quasi-pure states,
irreversibility does not occur in the entanglement distillation. And the distillable entanglement is easy to calculated.
Before the proof of the main result, let us explain what is the meaning of ”quasi-pure”.
A mixed state is quasi-pure if it can be reversibly transformed to the following form under the local operation and
classical communication (LOCC),
ρ =
∑
piρi ⊗ |φi〉〈φi|, (3)
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2where ρi are separable and orthogonal states that can be discriminated exactly by LOCC operations. The physical
meaning of the quasi-pure state is that every pure entangled state is identified by a separable ”tag state” that can
be distinguished by LOCC operations. As the transformation is reversible, all the entanglement in the original mixed
state is contained in the pure states and can be distilled. As Bennett et. al [3] showed that even separable orthogonal
states might contain nonlocal property that can not be identified by LOCC operations, it is necessary to introduce the
”tag state” distinguishable by LOCC operations. Similarly, we can define separable-quasi-pure and PPT-quasi-pure
with respect to the operations allowed. For instance, consider the constructed state ρ = 1/9
∑ |ψi〉〈ψi| ⊗ |φi〉〈φi|,
where |ψi〉 is the separable pure orthogonal basis in 3 × 3 in [3] and |φi〉 is orthogonal MES in 3× 3. Explicitly, this
state is separable-quasi-pure. And the distillation is a reversible process if separable operations are allowed. Is it also
LOCC-quasi-pure? Does irreversibility occur in this mixed state? If it does, we can conclude that the irreversibility
originates from the nonlocal property of the separable basis. Though we conjecture it is the case, the strict proof
escape from us. However, we will show that the state of Eq.(1) is quasi-pure though it looks unlike.
Main Result: The mixed state of maximally entangled states in Eq.(1) is quasi-pure.
First we introduce the operations that are employed. The control-not operation C is defined as C|i〉⊗|j〉 = |i〉⊗|j⊕i〉,
and the bilateral control-not operation (BXOR) B is B|i〉A1|r〉B1⊗ |j〉A2|s〉B2 = |i〉A1|r〉B1⊗ |j⊕ i〉A2|s⊕ r〉B2, where
{|i〉} is the computational basis set. Denote B(m,n) as the BXOR operation performed on the mth pair (source) and
the nth pair (target), and B act on k copies of φmn as
Bφ⊗kmn = B(1, k)B(2, k) · · ·B(k − 1, k)φ⊗kmn = φ⊗(k−1)m,0 φ⊕km,n. (4)
For brevity, we denote the projector |φmn〉〈φmn| as Pmn and omit the normalization for the state unless confusion
occurs. Three important properties about |φmn〉 are utilized. First,
∑
m Pmn and
∑
n Pmn are separable. For
example, the subspace spanned by {φ0n} can also be spanned by {|ii〉, i = 0, · · · , d − 1}. For the subspace spanned
by {φm0}, it is not so obvious, but can be proved to be separable in the dual basis {|eAk 〉}, {|eBk 〉}, where |kA〉 =
1/
√
d
∑d−1
j=0 e
2piijk/d|eAj 〉 and |eBk 〉 = 1/
√
d
∑d−1
j=0 e
2piijk/d|jB〉. Second, ∑m Pmn are orthogonal to each other and can
be distinguished exactly by LOCC. So do
∑
n Pmn. Third, for fixed n and varying m, |φmn〉 can be transformed to|φ0m〉 by local basis transformation.
Proof:
ρ
(k)
d
B−→
∑
m
P
⊗(k−1)
m0
∑
n
P⊕km,n. (5)
Denote the maximal common factor between k and d as g(k, d). When g(k, d) = 1, We know that {⊕km,misvarying}
is a permutation of the numbers {0, 1, · · · , d−1}. The d mixed states∑n P⊕km,n are separable and orthogonal to each
other. So ρ
(k)
d is quasi-pure. When g(k, d) > 1, the problem is a little complicated. Suppose k = g ∗ k˜, d = g ∗ d˜, where
k˜, d˜ are integers and satisfy g(k˜, d˜) = 1. For m = 0, 1, · · · , d−1, it can be written as m = sd˜+ t, s = 0, 1, · · · , g−1, t =
0, 1, · · · , d˜− 1. Then
⊕d(km) = ⊕(gd˜)gk˜(sd˜+ t) = ⊕(gd˜)gk˜t = g ⊕d˜ k˜t. (6)
Because g(k˜, d˜) = 1, {⊕d˜k˜t, t = 0, 1, · · · , d˜ − 1} is a permutation of the numbers {0, 1, · · · , d˜ − 1}. For brevity, set
T (t) = g ⊕d˜ k˜t that is different for t = 0, 1, · · · , d˜− 1. So
∑
m
P
⊗(k−1)
m0
∑
n
P⊕km,n =
∑
t
{
∑
s
P⊗k−1
sd˜+t,0
}{
∑
n
PT (t),n}. (7)
For every t,
∑
n PT (t),n is separable and orthogonal and can be discriminated by local operations. Now, we show
that
∑
s P
⊗(k−1)
sd˜,0
is quasi-pure since for the other cases t 6= 0, ∑s P⊗(k−1)s∗d˜+t,0 can be transformed to
∑
s P
⊗(k−1)
s∗d˜,0
by the
permutation of the basis states.
Ps∗d˜,0(d) = Ps,0(g)P00(d˜), (8)
where Ps,0(g) represents the projector of the MES in g × g. So
∑
s
P
⊗(k−1)
s∗d˜,0
=
∑
s
P
⊗(k−1)
s,0 (g)P
⊗(k−1)
00 (d˜). (9)
Under the dual basis,
∑
s P
⊗(k−1)
s,0 (g) can be written as
∑
s P
⊗(k−1)
0,s (g). Further employing the operation B
∑
s
P
⊗(k−1)
0,s (g)
B−→ P⊗(k−2)0,s (g)
∑
s
P0,s(g) (10)
3So
∑
s P
⊗(k−1)
s∗d˜,0
is quasi-pure. As all the operations are local reversible operations, the original state is quasi-pure.
Though measurements are performed during the process, they are non-demolation measurements and do not destroy
the state.
In the following, we give some examples and calculate the distillable entanglement E that is equal to the entangle-
ment cost as the mixed state is quasi-pure.
Ex1 d = 2
k φ⊗k00 φ
⊗k
01 φ
⊗k
10 φ
⊗k
11 E(ρ
(k)
d )
1 φ00 φ01 φ10 φ11 0
2 φ00 ⊗ φ00 φ00 ⊗ φ01 φ10 ⊗ φ00 φ10 ⊗ φ01 0
3 φ⊗200 ⊗ φ00 φ
⊗2
00 ⊗ φ01 φ
⊗2
10 ⊗ φ10 φ
⊗2
10 ⊗ φ11 2 log 2
4 φ⊗300 ⊗ φ00 φ
⊗3
00 ⊗ φ01 φ
⊗3
10 ⊗ φ00 φ
⊗3
10 ⊗ φ01 2 log 2
TABLE I: Under the operation B, what happens to k copies of MES in 2× 2. The last column show the entanglement of ρ
(k)
2 .
ρ
(2)
2
B−→ (P00 + P10)(P00 + P01), (11a)
ρ
(3)
2
B−→ P⊗200 (P00 + P01) + P⊗210 (P10 + P11), (11b)
ρ
(4)
2
B−→ (P⊗300 + P⊗310 )(P00 + P01) (11c)
Because P00 + P10, P00 + P01 are separable, ρ
(2)
2 is separable. The same conclusion is obtained through direct
calculation [10]. E(ρ
(2)
2 ) = 0. Similarly it is easy to show ρ
(3)
2 is quasi-pure and E(ρ
(3)
2 ) = 2. It is required to
explain for ρ
(4)
2 . P
⊗3
00 + P
⊗3
10 can be transformed to P
⊗3
00 + P
⊗3
01 by local unitary operation. Performing B again,
P⊗300 + P
⊗3
01
B−→ P⊗200 (P00 + P01) that is quasi-pure and E(ρ(4)2 ) = 2. For larger k, the cases above occur similarly.
Ex2 d = 3
k φ⊗k0n φ
⊗k
1n φ
⊗k
2n E(ρ
k
d)
1 φ0n φ1n φ2n 0
2 φ00 ⊗ φ0n φ10 ⊗ φ2n φ20 ⊗ φ1n log 3
3 φ⊗200 ⊗ φ0n φ
⊗2
10 ⊗ φ0n φ
⊗2
20 ⊗ φ0n log 3
4 φ⊗300 ⊗ φ0n φ
⊗3
10 ⊗ φ1n φ
⊗3
20 ⊗ φ2n 3 log 3
TABLE II: Under the operation B, what happens to k copies of MES in 3× 3. The last column show the entanglement of ρ
(k)
3 .
ρ
(2)
3
B−→ P00
∑
n
P0n + P10
∑
n
P2n + P20
∑
n
P1n, (12a)
ρ
(3)
3
B−→
∑
m
P⊗2m0
∑
n
P0n, (12b)
ρ
(4)
3
B−→ P⊗300
∑
n
P0n + P
⊗3
10
∑
n
P1n + P
⊗3
20
∑
n
P2n (12c)
It is required to show
∑
m P
⊗2
m0 is quasi-pure. φm0 can be transformed to φ0m in the dual basis. Performing B
again,
∑
m P
⊗2
0m
B−→ P00
∑
m P0m that is quasi-pure and E(ρ
(2)
3 ) = log 3. For larger k, the cases above occur similarly.
Ex3 d = 4
4k φ⊗k0n φ
⊗k
1n φ
⊗k
2n φ
⊗k
3n E(ρ
k
d)
1 φ0n φ1n φ2n φ3n 0
2 φ00 ⊗ φ0n φ10 ⊗ φ2n φ20 ⊗ φ0n φ30 ⊗ φ2n log 2
3 φ⊗200 ⊗ φ0n φ
⊗2
10 ⊗ φ3n φ
⊗2
20 ⊗ φ2n φ
⊗2
30 ⊗ φ1n 2 log 4
4 φ⊗300 ⊗ φ0n φ
⊗3
10 ⊗ φ0n φ
⊗3
20 ⊗ φ0n φ
⊗3
30 ⊗ φ0n 2 log 4
5 φ⊗400 ⊗ φ0n φ
⊗4
10 ⊗ φ1n φ
⊗4
20 ⊗ φ2n φ
⊗4
30 ⊗ φ3n 4 log 4
TABLE III: Under the operation B, what happens to k copies of MES in 4×4. The last column show the entanglement of ρ
(k)
4 .
ρ
(2)
4
B−→ (P00 + P20)
∑
n
P0n + (P10 + P30)
∑
n
P2n, (13a)
ρ
(3)
4
B−→ P⊗200
∑
n
P0n + P
⊗2
10
∑
n
P3n + P
⊗2
20
∑
n
P2n + P
⊗2
30
∑
n
P1n, (13b)
ρ
(4)
4
B−→
∑
m
P⊗3m0
∑
n
P0n, (13c)
ρ
(5)
4
B−→ P⊗400
∑
n
P0n + P
⊗4
10
∑
n
P1n + P
⊗3
20
∑
n
P2n + P
⊗4
30
∑
n
P3n (13d)
ρ
(3)
4 and ρ
(5)
4 are exlicitly quasi-pure and E(ρ
(3)
4 ) = 4, E(ρ
(5)
4 ) = 8. It is required to explain for ρ
(2)
4 and ρ
(4)
4 . As φ00 =
(|00〉+|11〉)(|00〉+|11〉) and φ20 = (|01〉+|10〉)(|00〉+|11〉), so P00+P20 = (P (|00〉+|11〉)+P (|01〉+|10〉))P (|00〉+|11〉)
that is quasi-pure. P10 + P30 can be transformed to P00 + P20 by local permutation the basis. So ρ
(2)
4 is quasi-
pure and E(ρ
(2)
4 ) = 1. In the dual basis,
∑
m P
⊗3
m0 is represented as
∑
n P
⊗3
0n . Further applying the operation B,∑
n P
⊗3
0n
B−→ P⊗200
∑
n P0n that is quasi-pure. For larger k, the cases above occur similarly.
Ex4 d=5
k φ⊗k0n φ
⊗k
1n φ
⊗k
2n φ
⊗k
3n φ
⊗k
4n E(ρ
k
d)
1 φ0n φ1n φ2n φ3n φ4n 0
2 φ00 ⊗ φ0n φ10 ⊗ φ2n φ20 ⊗ φ4n φ30 ⊗ φ1n φ40 ⊗ φ3n log 5
3 φ⊗200 ⊗ φ0n φ
⊗2
10 ⊗ φ3n φ
⊗2
20 ⊗ φ1n φ
⊗2
30 ⊗ φ4n φ
⊗2
40 ⊗ φ2n 2 log 5
4 φ⊗300 ⊗ φ0n φ
⊗3
10 ⊗ φ4n φ
⊗3
20 ⊗ φ3n φ
⊗3
30 ⊗ φ2n φ
⊗3
40 ⊗ φ1n 3 log 5
5 φ⊗400 ⊗ φ0n φ
⊗4
10 ⊗ φ0n φ
⊗4
20 ⊗ φ0n φ
⊗4
30 ⊗ φ0n φ
⊗4
40 ⊗ φ0n 3 log 5
6 φ⊗500 ⊗ φ0n φ
⊗5
10 ⊗ φ1n φ
⊗5
20 ⊗ φ2n φ
⊗5
30 ⊗ φ3n φ
⊗5
40 ⊗ φ4n 5 log 5
TABLE IV: Under the operation B, what happens to k copies of MES in 5×5. The last column show the entanglement of ρ
(k)
5 .
ρ
(2)
5
B−→ P00
∑
n
P0n + P10
∑
n
P2n + P20
∑
n
P4n + P30
∑
n
P1n + P40
∑
n
P3n, (14a)
ρ
(3)
5
B−→ P⊗200
∑
n
P0n + P
⊗2
10
∑
n
P3n + P
⊗2
20
∑
n
P1n + P
⊗2
30
∑
n
P4n + P
⊗2
40
∑
n
P2n, (14b)
ρ
(4)
5
B−→ P⊗300
∑
n
P0n + P
⊗3
10
∑
n
P4n + P
⊗3
20
∑
n
P3n + P
⊗3
30
∑
n
P2n + P
⊗3
40
∑
n
P1n, (14c)
ρ
(5)
5
B−→
∑
m
P⊗4m0
∑
n
P0n, (14d)
ρ
(6)
5
B−→
∑
m
P⊗5m0{
∑
n
Pmn}. (14e)
It is obvious that ρ
(k)
5 , k = 2, 3, 4, 6 are quasi-pure and E(ρ
(k)
5 ) = (k − 1) log 5. In the dual basis,
∑
m P
⊗4
m0 is
represented as
∑
n P
⊗4
0n . Further applying the operation B,
∑
n P
⊗4
0n
B−→ P⊗300
∑
n P0n. So ρ
(5)
5 is quasi-pure and
E(ρ
(5)
5 ) = 3 log 5. For larger k, the cases above occur similarly.
5Ex5 d=6
k φ⊗k0n φ
⊗k
1n φ
⊗k
2n φ
⊗k
3n φ
⊗k
4n φ
⊗k
5n E(ρ
k
d)
1 φ0n φ1n φ2n φ3n φ4n φ5n 0
2 φ00 ⊗ φ0n φ10 ⊗ φ2n φ20 ⊗ φ4n φ30 ⊗ φ0n φ40 ⊗ φ2n φ50 ⊗ φ4n log 3
3 φ⊗200 ⊗ φ0n φ
⊗2
10 ⊗ φ3n φ
⊗2
20 ⊗ φ0n φ
⊗2
30 ⊗ φ3n φ
⊗2
40 ⊗ φ0n φ
⊗2
50 ⊗ φ3n log 3 + 2 log 2
4 φ⊗300 ⊗ φ0n φ
⊗3
10 ⊗ φ4n φ
⊗3
20 ⊗ φ2n φ
⊗3
30 ⊗ φ0n φ
⊗3
40 ⊗ φ4n φ
⊗3
50 ⊗ φ2n 3 log 3 + 2 log 2
5 φ⊗400 ⊗ φ0n φ
⊗4
10 ⊗ φ5n φ
⊗4
20 ⊗ φ4n φ
⊗4
30 ⊗ φ3n φ
⊗4
40 ⊗ φ2n φ
⊗4
50 ⊗ φ1n 4 log 3 + 4 log 2
6 φ⊗500 ⊗ φ0n φ
⊗5
10 ⊗ φ0n φ
⊗4
20 ⊗ φ0n φ
⊗5
30 ⊗ φ0n φ
⊗5
40 ⊗ φ0n φ
⊗5
50 ⊗ φ0n 4 log 3 + 4 log 2
7 φ⊗600 ⊗ φ0n φ
⊗6
10 ⊗ φ1n φ
⊗6
20 ⊗ φ2n φ
⊗6
30 ⊗ φ3n φ
⊗6
40 ⊗ φ4n φ
⊗6
50 ⊗ φ5n 6 log 3 + 6 log 2
TABLE V: Under the operation B, what happens to k copies of MES in 6× 6. The last column show the entanglement of ρ
(k)
6 .
ρ
(2)
6
B−→ (P00 + P30)
∑
n
P0n + (P10 + P40)
∑
n
P2n + (P20 + P50)
∑
n
P4n, (15a)
ρ
(3)
6
B−→ (P⊗200 + P⊗220 + P⊗240 )
∑
n
P0n + (P
⊗2
10 + P
⊗2
30 + P
⊗2
50 )
∑
n
P3n, (15b)
ρ
(4)
6
B−→ (P⊗300 + P⊗330 )
∑
n
P0n + (P
⊗3
10 + P
⊗3
40 )
∑
n
P4n + (P
⊗3
30 + P
⊗3
50 )
∑
n
P2n, (15c)
ρ
(5)
6
B−→ P⊗400
∑
n
P0n + P
⊗4
10
∑
n
P5n + P
⊗4
20
∑
n
P4n + P
⊗4
30
∑
n
P3n + P
⊗4
40
∑
n
P2n + P
⊗4
50
∑
n
P1n, (15d)
ρ
(6)
6
B−→
∑
m
P⊗5m0
∑
n
P0n, (15e)
ρ
(7)
6
B−→
∑
m
P⊗6m0{
∑
n
Pmn}. (15f)
It is apparent that ρ
(5)
6 and ρ
(7)
6 are quasi-pure. Explanation is required for ρ
(2)
6 , ρ
(3)
6 , ρ
(4)
6 , and ρ
(6)
6 . Now we show
that P00 + P30 is quasi-pure.
φ00 = (|00〉+ |11〉)(|00〉+ |11〉+ |22〉),
φ30 = (|01〉+ |10〉)(|00〉+ |11〉+ |22〉),
P00 + P30 = (P (|00〉+ |11〉) + P (|01〉+ |10〉))P (|00〉+ |11〉+ |22〉), (16)
which is explicitly quasi-pure. P10+P40 and P20+P50 can be proved similarly. So ρ
(2)
6 is quasi-pure and E(ρ
(2)
6 ) = log 3.
Now we show that P⊗200 + P
⊗2
20 + P
⊗2
40 is quasi-pure.
φ00 = (|00〉+ |11〉+ |22〉)(|00〉+ |11〉),
φ20 = (|01〉+ |12〉+ |20〉)(|00〉+ |11〉),
φ40 = (|02〉+ |10〉+ |21〉)(|00〉+ |11〉),
P⊗200 + P
⊗2
20 + P
⊗2
40 = (P
⊗2
00 (3) + P
⊗2
10 (3) + P
⊗2
20 (3))P
⊗2
00 (2). (17)
From the d = 3 case, we know that
∑
m P
⊗2
m0(3) is quasi-pure. P10 + P30 + P50 can be proved similarly. So ρ
(3)
6 is
quasi-pure and E(ρ
(2)
6 ) = log 3 + 2. Now we show P
⊗3
00 + P
⊗3
30 is quasi-pure.
P⊗300 + P
⊗3
30 = (P
⊗3
00 (2) + P
⊗3
10 (2))P
⊗3
00 (3). (18)
From the d = 2 case, we know that
∑
m P
⊗3
m0(2) is quasi-pure. The other two terms can be proved simliarly. So ρ
(4)
6
is quasi-pure and E(ρ
(4)
6 ) = 3 log 3 + 2. In the dual basis,
∑
m P
⊗5
m0 is represented as
∑
n P
⊗5
0n . Further applying the
operation B
∑
n
P⊗50n
B−→ P⊗400
∑
n
P0n. (19)
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FIG. 1: The distillable entanglement of the mixed state of ρ
(k)
d is depicted in the figure. It can be seen that the distillable
entanglement is monotonic in k but not in d. A surprising fact is that E(ρ
(kd)
d ) = E(ρ
(kd−1)
d ) that the terraces appear.
So ρ
(6)
6 is quasi-pure and E(ρ
(6)
6 ) = 4 log 6. For larger k, the cases above occur similarly.
Notice that different conclusion is obtained [10] for k = 2, where ρ
(2)
d is demonstrated to be separable. And the
relative entropy of entanglement is calculated based on this incorrect conclusion in a few papers. However, We prove
that ρ
(2)
d is distillable when d > 2.
As well-known, irreversibility is generic in the entanglement distillation [7]. In this paper, we show that the
mixture of multiple copies of maximally entangled states is quasi-pure and prove that the entanglement distillation
is a reversible process for this nontrivial class at first glance. Whether only in the quasi-pure states is distillation
reversible deserves to be considered. Another important question is how to decide the quasi-pure mixed states.
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